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Abstract

Storrs McCall appeals to a particular true-but-unprovable sentence of
formal arithmetic to argue, by appeal to its irrefutability, that human
minds transcend Turing machines. Metamathematical oversights in
McCall’s discussion of the Gdodel phenomena, however, render invalid
his philosophical argument for this transcendentalist conclusion.

There is a long-standing debate on whether human minds transcend
Turing machines. The debate goes back to seminal and opposing papers by
John Lucas and Paul Benacerraf,! and has been popularized in best-selling
books by Douglas Hofstadter and Roger Penrose.?

In a recent paper in a leading generalist journal,® Storrs McCall has
joined this debate. He sides with the transcendentalists. He appeals to a
particular true-but-unprovable sentence of formal arithmetic to argue that
human minds do transcend Turing machines. It is not the truth or the
unprovability of this sentence, however, on which McCall focuses; rather, it
is its irrefutability. This adds a new wrinkle, which needs to be ironed out
by the anti-transcendentalist.

Metamathematical oversights in McCall’s discussion render his conclu-
sion less strongly supported than he believes. Readers of a more specialist
journal in this area will be interested in how a correct statement of the

*I am grateful to Harvey Friedman for helpful discussion, and for the first
proof of Theorem 2 below. Two anonymous referees made suggestions that
considerably improved the exposition.



metamathematical facts reveals the invalidity of McCall’s philosophical ar-
gument for his transcendentalist conclusion. Because so much depends on
getting these basic metamathematical facts straight, we state and prove, in
§1, some relevant results concerning the Godel phenomena. In §2, we apply
these results in criticism of McCall’s argument.

1 Metamathematical results

Let PA be the system of Peano arithmetic. In what follows, and unless
otherwise indicated, provability will be understood as provability within PA.
By n we mean the numeral in the language of PA for the natural number n.
(This numeral will be of the form s...s0, with n occurrences of the symbol
for the successor function.) We assume that each syntactic item ¢ has its
own unique code number. By @ we mean the numeral for that code number.
A basic result in the theory of the coding of syntax is that every one-place
predicate 1 (z) has a fized point, that is, a sentence ¢ that is interdeducible,
in PA, with ¢(9).

It is useful to talk more generally about systems S of formal arithmetic.
PA is but one such system. Every system S that we shall consider will
be assumed to be complete for bounded sentences: that is, if ¢ is a true
sentence of the formal language of arithmetic containing no unrestricted
quantifications, then S proves ¢. Obviously PA has this property.

The two-place proof-predicate Pfg(z,y) in the formal language of first-
order arithmetic is so defined that it represents the relation ‘z is the code
number of a proof, in the system S, of the sentence with code number 3’.
Such representation takes place in the following sense:*

for all natural numbers n, m,

if n is the code number of a proof, in the system S, of the sentence
with code number m, then S proves Pfg(n, m); and

if n is not the code number of a proof, in the system S, of the
sentence with code number m, then S refutes Pfg(n, m).

The one-place provability-predicate Pg(y) is defined as JzPfg(z,y). When
S is the system PA, we shall suppress the subscripts on these predicates.
We shall re-write P(%) as P[¢]. Sometimes we shall even omit the brackets,
when no confusion can result.

We shall use the turnstile (F) to represent deducibility in first-order
Peano arithmetic. (In many contexts, we can get away with a system of



arithmetic considerably weaker than PA, but for our present purposes PA
will do.) The following are well-known facts about the provability predicate:

. -
O o

(ii) Plg], Plp — 9] - P[].5

The following further principle is immediate:

F
O B P
_PrY F 7’[) —R
Proof: 22 (i)
" Pl — ¢l Plo], Plp — ¢] - P[¢]

CuT

Plp] = P[y]

The ‘Gdédel sentence’ G for PA is by definition the fixed point of the
‘unprovability predicate’ =P. Thus G is interdeducible in PA with —P[G];
hence, =G with P[G]. The informal claim that PA is consistent is expressed
in the language of PA by some suitable sentence, such as =P[0=s0] or —=P[L],
which we render also as Conpp. It is a well-known fact that in PA, G is
interdeducible with Conpp . Hence in PA we have -G interdeducible with
P[L].

It will be an adequacy condition on Pfpp +<p($,y) and on Pfpp (z,y)
representing their respective proof-relations that 3zPfps -l-go(x’ 1) be equiv-
alent, in PA, to 3zPfpp (z, ). For this requires only that each proof-
predicate take account of —I as a means for constructing proofs of negations
from proofs of L. It follows that in PA, =P[—¢] is equivalent to Conpp e

Theorem 1. The non-refutability of the Gédel-sentence is equivalent (in PA)
to the consistency of PA with its own consistency statement.

Proof. As noted above, ~P[—] is equivalent, in PA, to Conpp 4o Forg
take Conpy itself, i.e. =P_L. Then —P[=(—=PL)], i.e. -P[PL], is equivalent,
in PA, to Conpp +Conpy - We now show that =P[P_L] is equivalent, in PA,
to =P[-G]—the statement that G is not refutable. From left to right the
argument is as follows:



~GFPL
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F P[-G — P] P[-G],P[-G — P 1]+ P[P]
P[-G] F P[PL]
~P[PL]F —P[-G]

From right to left, the argument is as follows:
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by ez falso quodlibet:
LG by choice of G:
PLl F P[G] P[G] + -G
Pl -G
P[PL] F P[-G]
—P[-G] F —=P[P ] QED
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The principle of X9-reflection for any system S states that any S-provable
»9-sentence is true (in the standard model). In other words, any existential
quantification of a bounded formula is provable in S only if it has a ‘witness’
among the standard natural numbers.

Lemma 1. If X{-reflection holds for S, then Pg(y) weakly represents prov-
ability in S—that is, for all ¢, S proves Pg(9) if and only if S proves ¢.
Proof. First suppose that S proves . So there is a proof, in system S, of
. Let n be the code number of such a proof. By representability, S proves
Pfs(n,®). By 31, S proves JzPfg(z,®); that is, S proves Pg(9).

For the converse, suppose that S proves Pg(%), that is, S proves 3zPfs(z, p).
By X{-reflection for S, there is some standard natural number n such that
Pfs(n, ). This last sentence is bounded. By completeness of S for true
bounded sentences, S proves Pfg(n, ). Since S is consistent, S does not
refute Pfg(n, ). Hence by contraposition on the statement of representabil-
ity, it is not the case that n is not the code number of a proof in the system
S of the sentence . That is to say, n is the code number of a proof in S of
.6 That is, S proves . QED

Note how we have appealed to X{-reflection in the foregoing proof, for
the direction of proof from ‘S proves Pg(®)’ to ‘S proves ¢’.
The w-consistency of S can be defined as follows:

if there exist proofs in S of ¥(0),¢(1),%(2),... , then it is con-
sistent with S to assume Vzi)(x).



The 1-consistency of S is a special case of w-consistency:

for every bounded 1 (x), if there exist proofs in .S of ¥(0), ¥(1),%(2), ...,
then it is consistent with S to assume Vz(x).

It is well-known that the 1-consistency of any system S is equivalent to the
principle of X-reflection for S. Moreover, the 1-consistency of S implies,
but is not implied by, the consistency of S.”

Theorem 2. If (PA+Conpp ) is consistent, then PA does not prove

COHPA — —|P[—|G].

Proof. Suppose, for reductio, that PA proves Conpp — —P[—=G]. In PA,
assume Conpp. By modus ponens, infer -P[=G]. Now Conpp is equiva-
lent to G in PA. So we may now infer —P[-Conpp]. This in turn implies
Conpp +Conpy - Thus the system PA+Conpp has proved its own consis-

tency. But Gédel’s Second Incompleteness Theorem says that this is impos-
sible, if the system PA+Conp, is consistent. So if PA+Conpp is consistent,
then PA does not prove Conpp — —P[-G]. QED

Theorem 2 can be re-proved as a formal unprovability result:
PPl F —-P[-PL — —PP_L]. We obtain a formal version of Theorem 2 by
substituting =G for the final occurrence of PL: -PP_L - —=P[-PL — —-P-G].
The proof below uses Lob’s Theorem.? In what follows, boldface P can be
replaced by any finite (and possibly null) sequence of occurrences of P.

Logic:
—p = PpoFPp —¢p ) Lob’s Theorem:
P[-¢ — —Pyp] - P[Py — ¢] P[Py — ¢ - Py

P[-¢ — —Pp| F Py cuT

—Pp - =P[-p = —Py] Pl/y
-PP1 F ﬂP[—!PL — —|PPJ_]

All we need here is the case where P is simply P.? Overall, we have the
following implications, but, as indicated, not their converses:!°

PA is 1-consistent Z Conpp is consistent with PA Z PA is consistent.



2 Critique of McCall’s philosophical argument

2.1 The ‘second half’ of Godel’s first incompleteness theorem

McCall considers the following two sentences (loc. cit., p. 525).

1. If PA is consistent, then G is not provable.
2. If PA is consistent, then =G is not provable.

He claims

Both sentences are true, the difference being that the formal
version of [1] in the language of PA is a theorem, whereas the
formal version of [2] to the best of our knowledge is not.

What McCall says here is inadequate, on two scores. First, our reasons for
claiming that (1) is true are very different from our reasons for claiming that
(2) is true. We know that (1) is true because we can prove it within PA as
it stands. But (2), even if true, is not provable within PA as it stands. The
epistemic (or doxastic) situation with regard to (2) is that we think that
what makes it true is simply the truth of its consequent. And we believe
that its consequent is true only because we believe (something at least as
strong as) that Conpp is consistent with PA—a stronger condition than
mere consistency of PA, which cannot be justified by proof within PA (or
even within PA4+Conp)p ); or because we believe a much stronger theory,
such as set theory, which proves the consequent of (2). But as Theorem 2
shows, the antecedent of (2), as it stands, is too weak for us to be able to
deduce the consequent from it within PA.

The following weakening of (2), however, is provable in PA, containing
as it does an antecedent that is sufficiently stronger than that of (2):

2'. If PA is 1-consistent, then =G is not provable.

This is the canonical way of stating the ‘second half’ of Gédel’s First In-
completeness Theorem. The theorem states the existence of a sentence G
such that the conditionals (1) and (2') both hold.

As it happens, (2) need not be weakened as much as it is by (2’). The
following statement, as Theorem 1 shows, is provable in PA:

2". If Conpp is consistent with PA, then -G is not provable.



(2") is intermediate in strength between (2) and (2), because its antecedent
is intermediate in strength between their antecedents (on an assumption
weaker than that PA is 1-consistent).

It is an interesting question, but one which will not detain us here, why
the canonical statement of the second half of Gédel’s First Incompleteness
Theorem is not simply (2”). The latter is stronger (than (2)), for having a
weaker antecedent. Indeed, Theorem 1 shows that the antecedent of (2”) is
of exactly the required strength; nothing weaker would do.

The second score on which McCall’s discussion is inadequate concerns
the epistemic status of the formal version of (2), which formal version he
writes as'!

3. COnPA — ﬂP[‘!G]

McCall claims merely that ‘there are good reasons to believe that [3] is in fact
unprovable in PA.” The ‘good reasons’ that he adduces are not conclusive,
and he writes of ‘the absence of a knock-down independence proof.” But
by Theorem 2, (3) is provably unprovable in PA, on the assumption that
(PA + Conpp ) is consistent. McCall does not specify what would count,
for him, as a ‘knock-down’ proof; but we can presume that he would find
acceptable the assumption that Conpp is consistent with PA.

Why did McCall think that (2) and (3) were true? On p. 529 he offers an
informal proof of (3), in which he makes a crucial inference from FP[G] to
G’s being a theorem of PA.!2 This move he justifies by appeal to the fact that
the provability predicate weakly represents theoremhood. What McCall has
overlooked here is that weak representability enables one to move in this
direction only courtesy of X)-reflection (as we saw in the proof of Lemma, 1
above), which (as already noted) is equivalent to the 1-consistency of PA.13

McCall enters the remarkable footnote (fn. 3, p. 529)

It is frequently stated that proving the nontheoremhood of -G
requires the assumption that PA is not only consistent but w-
consistent ... The argument given in the text shows, however,
that the weaker assumption of ordinary consistency suffices.

But as we have just seen, the weaker assumption of ordinary consistency has
not been shown to suffice. McCall does not realize that weak representabil-
ity, in the very direction he exploits, depends on the stronger assumption of
1-consistency.



It would, indeed, be remarkable if the non-refutability of the Godel-
sentence GG in PA could be established so easily by appeal only to the ordi-
nary consistency of PA. McCall’s claim to have established this would mean
that Rosser’s ingenuity in constructing a new kind of independent sentence,
the proof of whose undecidability-in-PA required only the assumption of
ordinary consistency,'* had been misplaced. As Boolos (op. cit., p. xxii)
stresses,

It is noteworthy that Rosser did not show (and could not have
shown) the undecidability of the statements described by Godel
to follow from the simple consistency of the relevant systems;
instead he found different statements whose undecidability so
follows. [My first two emphases—NT.]

We have seen that the non-refutability of G implies the consistency of PA
with its own consistency statement; and that the latter italicized condition
in turn implies its own non-deducibility from the mere consistency of PA.
This refutes McCall’s claim that mere consistency of PA suffices for the
non-refutability of G.

2.2 What a machine can do

McCall pointed out (p. 528) that (1) can be expressed as the sentence
Conpp ——P[G] in the language of PA, or equivalently as

4. Conpp — G.

He explicitly conceded that ‘a Turing machine can know the truth of [4]
because it can prove [4] as a theorem.” But then he immediately claimed

But a different result holds for the formal version of [2]. This is:
3] Conpp — —P[-G]

Moving from [4] to [3] yields a candidate for the true-but-unprovable
sentence that we seek.

The burden of McCall’s paper is to establish that there is no possible sense in
which ‘a Turing machine can recognize the truth of [3].” Of course, the cor-
rectness of this claim would depend on which Turing machine is in question.
The background assumption is that we are considering a Turing machine
‘for PA’. But then the comparison is not really fair. For, to the extent that



we (but not the machine) can recognize the truth of (3), we are not working
‘within PA’ (see above). So the machine’s inability to recognize the truth of
(3) does not make us superior to it. For the comparison to be fair, it would
have to involve a machine equipped with whatever stronger assumptions
(not available within PA) we ourselves have employed in order to recognize
the truth of (3). The machine ‘for PA’, however, could prove

COHPA-[—COHPA — —|P(—|G).

which formally emulates human beings’ insight that the Goédel-sentence is
not refutable.
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