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DEDUCTIVE VERSUS EXPRESSIVE POWER:
A PRE-GODELIAN PREDICAMENT?*

here is a distinguished branch of inquiry which goes back to

antiquity and captivates the imagination even today. It began

with Euclid of Alexandria, and over two millenia later ran into
difficulties posed by the foundational work of the great twentieth-
century logician, Kurt Godel—even though, somewhat ironically,
Godel himself ranks as an arch proponent of the branch of inquiry in
question. It is called monomathematics, a term to be made more precise
presently. Suffice it to say at this stage that success in monomathemat-
ics requires both expressive power (the power to describe structures
exactly) and deductive power (the power to prove whatever follows
logically from one’s description).

L. INTRODUCTION
The main question is this. Why was the logical community so slow to
realize that monomathematics—the combination of these expressive
and deductive aspirations—was impossible?’ Why was it only some

*An earlier version of this paper was presented to the 1998 Logic and Language
Conference in London. I am grateful to the organizers, Barry Smith, Tim Crane,
and Gabriel Segal for their hospitality. A later version was presented at the Center
for Philosophy of Science, University of Pittsburgh. The paper owes much to helpful
comments and suggestions from Steve Awodey, Solomon Feferman, Torkel Fran-
zen, Harvey Friedman, Akihiro Kanamori, Moshé Machover, Stewart Shapiro, and
Wilfried Sieg.

! The impossibility claim is not that a number theorist, say, would be wrong to
maintain that there is a unique structure of natural numbers. A number theorist
could well maintain such a thing. But in order to exclude nonstandard structures as
possible interpretations of his theory, he would have to formulate that theory in a
sufficiently expressive language. But then that language would fail to enjoy a
sufficiently powerful logic, that is, a deductive system enabling one to prove any
consequence of what the theorist claims. This is but one illustration of the sense in
which monomathematics turns out to be impossible.
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time after Godel’s work that it dawned on philosophers, logicians,
and mathematicians that the naive ideals were self-defeating and that
there were certain inevitable limits to the combination of expressive
power in one’s mathematical language and deductive power in its
underlying logic? Indeed, why was this not apparent even before the
1920s? Why did Godel have to prove such deep and difficult results to
make the lesson sink in, when the lesson could have been learned, in
a stark and stripped-down form, years earlier??

My aim is not so much to answer these questions as to show that the
puzzlement they express is justified. The intrinsic limitations on
monomathematics as a combined expressive and deductive venture
are almost immediate, I shall show, upon simple reflection on two
central concepts: proving a result conclusively, and describing something
exactly. The interplay between these two concepts leads to what I call
the noncompossibility theorem, which poses an insuperable difficulty for
monomathematics, because it tells us that it is impossible to achieve
the combined ideals of exact description and exhaustive deduction.

The noncompossibility theorem shares an interesting feature with
other results that have reforged concepts and reshaped philosophical
and mathematical inquiry. What come to mind here are the proof in
antiquity that V2 is not rational, and the subsequent realization of
the peculiar richness of the continuum; the liar paradox, and the
resulting objectlanguage/metalanguage distinction; Russell’s para-
dox, and the subsequent shift from a logical conception of set to the
mathematician’s iterative conception; and Cantor’s theorem, with its
resulting proliferation of higher infinities. As with these other well-
known results, the proof of the noncompossibility theorem takes less
than half a page. It involves an utterly simple construction, and it uses
apparently unproblematic conceptual materials. It takes some time
for the result to sink in; and when it does finally sink in, it causes a
sinking feeling.

The noncompossibility theorem could have been stated and
proved by the end of World War I. For both ingredient concepts—
categoricity of theory, and completeness of a system of proof—were
well in place by the winter of 1917/18. It is tempting to suggest that,
had the theorem been stated in timely fashion, both logical positivism

2 For an example of a recent exposition that appeals to Godel’s completeness and
compactness theorems for first-order logic, and his incompleteness theorem for
firstorder arithmetic, in order to develop the tension between categoricity and
completeness (for the theory of [the ordering of] the natural numbers), see S.
Read, “Completeness and Categoricity: Frege, Godel and Model Theory,” History
and Philosophy of Logic, Xvi11, 2 (1997): 79-93. The tension, however, can be brought
out more simply and more deeply, without prior knowledge of Godel’s results.
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and Hilbert’s program might have been affected. Knowledge of the
noncompossibility theorem would have preempted, for example,
important conceptual confusions or conflations both in Rudolf Car-
nap’s 1927 paper “Eigentliche und uneigentliche Begriffe,”® and in
David Hilbert’s* 1928 address to the International Congress of Math-
ematicians in Bologna. But it is impossible here to pursue any coun-
terfactual speculations about the development of foundational
thought, or to elaborate a really detailed historical case for the claim
that the two ingredient concepts had been satisfactorily isolated. This
is primarily a conceptual study; historical details will be adduced only
to heighten the interest of the investigations.

II. MONOMATHEMATICS VERSUS POLYMATHEMATICS

Any mathematician is easily apprised of the difference between two
kinds of mathematics. Monomathematics is the mathematics of a
unique structure. Examples would be: the theory of natural numbers,
the theory of the rationals, the theory of the real-number line, and
the theory of the usual algebraic operations on the complex plane. In
each case, the mathematician has a unique structure in mind (often
called the intended structure), and is trying to articulate as compre-
hensively as he can the interesting truths about it. He wants to exhibit
them all as true statements concerning the intended structure.

Polymathematics, by contrast, is the mathematics of structures enjoy-
ing some definable structural affinity. Examples would be: groups,
rings, and topological spaces. In each case, the mathematician has a
variety of structures in mind, which all have one crucial thing in
common. They all satisfy a particular collection of axioms pinning
down certain structural features: the axioms for groups, the axioms
for rings, the axioms for topological spaces, and so on. In each case
here, the mathematician is interested not only in the logical conse-
quences of the (underspecific) set of axioms characteristic of these
structures, but also in various embeddings of any one such structure
into others within the same class of structures, and in the invariants
of such embeddings. The mathematics here is, as it were, more a
brand of model theory for the axiom set in question.

IIl. ON THE UNIQUENESS OF INTENDED STRUCTURES
A Platonic realist, such as Godel, takes himself to be engaged in some
sort of direct intellectual apprehension of the intended abstract

3 In Symposion: Philosophische Zeitschrift fiir Forschung und Aussprache, 1 (1927):
355-74.

4 “Probleme der Grundlegung der Mathematik,” Mathematische Annalen, C11
(1929): 1-9.
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structure. The sequence of natural numbers, the dense ordering of
the rationals, the hierarchy of the hereditarily finite pure sets, the
continuous ordering of the reals, and the complex plane—these are
structures for which one has an immediate and intuitive “feel” (or for
which one can acquire such a “feel” through appropriate training and
problem-solving practice). One thinks one can reason about each of
these structures in its own right. This is especially so with the countable
structures among those just mentioned—the natural numbers, the
rationals, and the hereditarily finite pure sets.

The conception of a unique intended structure is taken by some to
apply even in the case of the ultimately general mathematical theory,
within which (or in terms of which) many mathematicians believe it
possible to interpret every other branch of “more particular” mathe-
matical theorizing, namely, set theory. (Here, I mean the theory of
pure sets in general, not just the hereditarily finite ones.) Now, the
universe of sets—indeed, any model of set theory—does not, as will
become clear below, satisfy the hypotheses about models exploited by
the noncompossibility theorem. Therefore, the “uniqueness” of any
intended model for set theory is not really germane for establishing
the pre-Goédelian predicament—which, it is my purpose to show,
arises from the noncompossibility theorem. Nevertheless, it is inter-
esting and instructive to examine just how ambitious the expressive
ideal of monomathematics can be, insofar as it asserts uniqueness of
intended structure even in the case of the most populous abstract
universe, namely, that of all (pure) sets.

Here, it is worth recalling Goédel’s classic statement of his Platonic
realism. In “What Is Cantor’s Continuum Problem?”5 he wrote:

...set-theoretical concepts and theorems describe some well-determined
reality, in which Cantor’s conjecture must be either true or false. Hence
its undecidability from the axioms being assumed today can only mean
that these axioms do not contain a complete description of that reality
[emphasis added] (ébid., p. 260).

Note Godel’s choice of the anaphoric phrase ‘that reality’. He did not
write ‘any such reality’, despite the punctuation by the intervening
period. This textual evidence supports the attribution to Godel—well

5 In Kurt Godel: Collected Works, Volume II, Solomon Feferman et alia, eds. (New
York: Oxford, 1990), pp. 254-70. The original date of publication of this essay was
1964. The 1964 version was a revised and expanded version of the article by the
same title in American Mathematical Monthly, L1v (1947): 515-25. Note that the latter
postdates Godel’s proof of the consistency of the axiom of choice and the gener-
alized continuum hypothesis (1938).
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known as being very careful in his choice of words—of a conception
on which the sets form a unique intended structure.

The immediate context of the above quote is a conditional claim by
Godel. The material quoted above is preceded in his text by the
words:

..if the meanings of the primitive terms of set theory as explained
[earlier] are accepted as sound, it follows that the....

One could be convinced of the soundness of the axiomatic concep-
tion, however, by having in mind some model or other for the axioms
concerned, rather than by having intellectual access to an alleged
unique intended model. Why does Go6del here insist on the unique-
ness of ‘that reality’?

The classical polymathematician will say that any mathematical
statement, and a fortiori Georg Cantor’s conjecture, will have a
determinate truth value in any model (of the appropriate relational
type). What truth value this is will, of course, depend on what model
is in question. The same conjecture could be true in one model, and
false in another. And that, indeed, is precisely what is shown by the
combination of Godel’s and Paul Cohen’s® results establishing the
independence of Cantor’s continuum hypothesis (CH) from the usual
axioms of set theory. In the universe of constructible sets given by
Godel, CH is true; whereas in the universe given by Cohen, it is false.

In the essay cited, Godel went on to give reasons that, in his view,
supported the conjecture at the time of writing—a conjecture borne
out by Cohen’s subsequent result—that Cantor’s CH was unsolvable
on the basis of the usual axioms of set theory. Since Godel had
already proved the consistency of CH with the usual axioms, these
reasons had to indicate the consistency of its negation. Godel pointed
to various “highly implausible consequences” of CH. These were
consequences concerning subsets and mappings of the real line,
consequences “not known in Cantor’s time.”” The background as-
sumption to which the textual evidence points was clearly that, given
one’s monomathematical intuitions about the real line itself (a
unique structure), the counterintuitive character of such conse-

6See Godel, “The Consistency of the Axiom of Choice and of the Generalized
Continuum Hypothesis,” Proceedings of the National Academy of Sciences, U.S.A., XX1V
(1938): 556-57 (reprinted in Collected Works, Volume II, pp. 26-27); and Cohen,
“The Independence of the Continuum Hypothesis, I,” Proceedings of the National
Academy of Sciences, U.S.A., L (1963): 1143-48, and “The Independence of the
Continuum Hypothesis, II,” Proceedings of the National Academy of Sciences, U.S.A., L1
(1964): 105-10.

7 “What Is Cantor’s Continuum Problem?” p. 263.



