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Abstract

| investigate the problem of contracting a dependency-network with respect to any of its nodes. The
resulting contraction must not contain the node in question, but must also be a minimal mutilation
of the original network. ldentifying successfuland minimally mutilating contractions of dependency-
networks is non-trivial, especially when non-well-foynded networks are to be taken into account. |
prove that the contraction problem is NP—compIete.Lﬂ1

1 Caveat

The reader needsto know at the very outset what this paper sets out to do, and
what it doesnot. | treat here of nite belief-systems. My interest is in how a nite
belief-system can be contracted with respect to any belief in ittho w, that is to
say, one can give the belief up while at the sametime inicting minimal mutilation
on the original belief-system. More precisely | am interested in determining the
computational complexity of the following decision problem: given a nite belief-
system T, and any belief p therein, is there a contraction of T with respect to p of
such-and-sudh nite size(lessthan that of T)?

This paper has only one theoretical aim. | aim to show that the foregoing decision
problem is NP-complete. To that end, | needto provide the formal de nitions that
are required both for the formulation of the problem and for rigorous proof of the
claim that the problem is NP-complete. | have no other theoretical aims here than
this one. The aim is important enough on its own. It is well known that there
are thousands of NP-complete decision problems. But that fact doesnot ertitle one
to dismissthe main result of this paper as “just another NP-completenesstheorem'.
That would be to underestimate the important of this particular decision problem
for the logic of theory dynamics and for epistemology at large. This anticipatory
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defencedepends, of course, on the formal modelling being acceptedas a good rst
approximation of the epistemologicallyimportant phenomena. But arguing in detail
that it should be so acceptedlies beyond the scope of this paper. Sotoo doesthe
proof of a certain metatheorem, dueto Harvey Friedman, that ensuresthat oneincurs
no loss of theoretical generality by restricting oneselfto nite belief-systems.

Despite my focus on proving the main theoretical result about NP-completeness,
I am very concernedto make the ideasbehind my modelling, and that result, easily
accessibleto the reader who is not a specialist in the area of belief-revision. For the
sake of clarity, therefore, | provide illustrations of de ned notions along the way. | also
make somecommerts, which | keepto a minimum, about the motivation behind my
modelling of belief-systemsand behind the formal de nitions that give it expression.
These commerts are expository only, intended to help the reader who is unfamiliar
with the generalarea. They are not intended as a remotely adequate substitute for
the kind of discussionthat would be required in order both to justify the motivation
behind my chosenform of modelling and to show that it hasbeengiven ideal expres-
sion in the formal de nitions chosen. Such a discussionwould needto deal with a
host of philosophical, epistemological,logical and mathematical issues. Theseissues
simply lie beyond the scope of this paper. | have already, to someextent, discussed
these issueselsewhere(see[fLd], [fL7] and [L§]) and | intend to discussthem in even
greater detail in future publications.

| ought alsoto give the reader yet further advice asto what this paper is not. It
is not the kind of paper that species any algorithms. Nor is it the kind of paper
that reports on implementations of algorithms. Both the speci cation and the imple-
mentation of algorithms for contracting belief-systemsare discussedn detail in other
papers that | have already written, and which | intended to submit for publication
only after this purely theoretical paper had beenaccepted. For oneneedsto know that
the computational problem is NP-completein order to be able to assessany proposed
algorithms for solving it. The actual algorithm that | do proposeis a developmert
(in successiely lessgreedyversions)of what | called the “staining algorithm' in [@].

Nor am |, in this paper, concernedto provide detailed critiques of rival accourts
of belief-revision and/or contraction, sud as AGM -theory or JTMS-theory. That,
too, hasalready beenundertaken elsewhere(see[E] and [@]), and is to be deweloped
further in future papers. In this paper | con ne myself to making the briefest com-
mernts possibleon both AGM -theory and JTMS-theory, simply sothat the readercan
appreciate how the presert approac di ers from those.

2 Intro duction

The task of belief-revision can be stated asfollows. Supposeoneis an ideally rational
agert, and one's current system of belief implies the proposition p. Supposethat p
hasjust beenfalsi ed. Thusonewishesto believe not-p rather than p, and to mutilate
one's belief-systemas little as possiblein coming to do so. First, one cortracts the
belief-systemwith respect to p|giving up p and anything in the systemthat either
implies, or wholly dependson, p. Then one adds not-p to the contracted result.
There should be a rigorous accourt of this operation of contraction. Epistemologists
and philosophersof sciencetalk of ‘minimally mutilating changesin the web of belief',
but give no constructive accourt of how to e ect them. Hencewe face the challenge
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of giving a philosophically sound, mathematically preciseaccourt of contraction, pro-
grammable on a computer. The accourt will be normative, not descriptive: it will
reveal what ought to be done by an ideally rational agert confronted with the need
to changeits mind. Automation of the task would bring widespreadapplications.

The aim in this paper is to setout an abstract and completely generalframework for
the discussionof systemsof belief and their cortractions; to explicate what exactly is
meart by minimal mutilation; to characterizethe contraction-problem precisely; and
to show that this problem is NP-complete.

3 Historical Background

There are two main approachesto the problem of theory-contraction. One is from
mathematical logic; the other is from arti cial intelligence. My approad is distinct
from both of these, seekingto avoid di erent diculties inherernt in ead). | dewvote
a subsectionto ead of these other approaches,in order to highlight the respectsin
which my approac di ers.

3.1 AGM-theory

The approad from mathematical logic, so-calledAGM -theory, is due to Alchourron,
Geardenfors and Makinson. (See Gardenfors [[L]] for an accourt of AGM -theory.)
AGM -theory treats belief-systemsas theories, that is, as logically closed (hence in-
nite) sets of sertences. When a theory T is contracted with respect to one of its
member-seriencesp, the resulting corntraction (T  p) is required to satisfy certain
conditions, which are set out asthe postulates of AGM -theory. The AGM -theorist's
aim is then to show that certain functions de ned on T and p will produce outputs
(T p) satisfying these postulates. These functions are not, in general,computable,
becauseof their in nitistic character and the undecidability of the underlying relations
of logical consequenceteferenceto which is essetial for the theoretical constructions
involved. Hence AGM -theory does not o er a corvincing prospect for computer-
implementation of its methods of contraction.

One of the most important postulates of AGM -theory is the postulate of recov-
ery. Recovery is the claim that if one cortracts a theory T with respect to p, and
subsequeltly reinstates p, then one will recover all the original consequence®f T.
This principle can be counterexempli ed in situations for which one's pre-theoretical
intuitions are compelling. In this connectionseeNiederee[[L4], at pp. 323{4; Levi [E],
at pp. 134{5; Hansson[@], at pp. 252{3; and Tennart [[Lg], at pp. 870{4. Recovery
violates the following basic intuition: If one believesthe proposition b only because
one believesthe proposition a, and oneis giving up a, then one will give up b aswell.

My accourt of theory-contraction diers from AGM -theory on three important
points: implementabilit y (on which | insist); the postulate of recovery (which | aban-
don); and the requiremert of minimal mutilation (which | ensure). Moreover, the rst
di erence, on implementabilit y, arisesbecausel am not concernedwith (necessarily
in nite) logical closures;instead, all the objects and structures with which | operate
are nite, and all relations among them are e ectiv ely decidable. Moreover, there is
a principled philosophical and metalogical justi cation for restricting our treatment
to the nite and computable. This rests on a result proved by Harvey Friedman,
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to the e ect that there are at most nitely many logically minimal sets of axioms
implying any theorem, provided only that the theory in question is axiomatized by
meansof nitely many axioms and nitely many “normal' axiom-schemes. (Every
extant axiomatic theory in mathematics meetsthis condition.)

3.2 Truth-maintenance systems

My accoun of theory-contraction alsodi ers signi cantly from the prevailing paradigm,
amongAl-theorists, of so-calledtruth-main tenancesystems(TMSs), reason-mairtenance
systems(RMSs), and justi cation-based truth-main tenancesystems(JTMSs). (These
originate from the work of Doyle [ﬂ] For an integrated overview, seeForbus and
de Kleer [E].) My accournt di ers from the various kinds of TMS-theorizing in seweral
ways.

First, unlike the JTMS-theorist (seeForbus and de Kleer [E], ch. 7), | take seriously
the possibility of coherertist epistemologiesaccording to which beliefs may be held
without their being grounded in beliefs of any privileged class (such as obsenation
reports or sense-datumreports). That is to say, | permit the general possibility of a
belief within a belief-systemhaving no well-founded pedigree of support terminating
on what the JTMS-theorist calls “enabled assumptions'. | can still accommalate
well-founded belief-systemsas a special (and obviously very important) case;but my
formal theory accommalates non-well-founded belief-systemsas well.

Accommaodating the non-well-founded caseis su cien t to distinguish my approac
from JTMS-theory, evenif some cohererist epistemologistswere to quibble that
“abandoningone belief may mean the remaining beliefs no longer cohereand a radi-
cally di erent set of beliefs needto be adopted'. If the cohererist's complaint here
is that | am giving her short shrift, | can simply point out that JTMS-theory gives
her even shorter shrift. Moreover, the cohereriist hasyet to provide a really precise
explication of exactly what cohereriism consistsin, in so far as “local' relations of
justi catory support among beliefs are concerned. There is the very real prospect
that at least one systematic explication of coherertism would allow for local relations
of justi catory support, and would allow, further, for the generalpossibility described
above|namely , that a belief within a belief-systemmight have no well-founded pedi-
gree of support terminating on initial beliefs that are themselvesin no need of any
further support. Moreover, on my approach there is also the prospect of providing
corvincing evidencefor the very claim quoted from my imaginary coherertist critic a
few lines back.

Secondly my primary theoretical focus is on inferential steps (identied by their
immediate premisesand conclusions)rather than on nodes (which correspond to sen-
tences, be they premisesor conclusions,or both). Any computational treatment of
a subject-matter is greatly facilitated by the appropriate choice of data-structure for
theoretical manipulation and reasoning. | cortend that the most appropriate data-
structure is that of the step, not the (labelled) node. | shall not immediately expound
on this contention, but shall rather let the ensuing developmert of ideas and tech-
niquesbear it out.

The nal and most important di erence between my approac and all forms of
TMS-theory, including JTMS-theory, is that | tackle the most general problem of
how to cortract a belief-systemwith respect to any belief that the [J]TMS-theorizer
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regardsasin'. | do not con ne the operation of cortraction to be simply a matter of
‘retracting assumptions', to usethe terminology of JTMS-theory. The procedure of
“assumptionretraction' is the most complex procedureon o er from current JTMS-
theorizing. This procedureis fully deterministic. Given a belief-systemB, and any
one of its enabledassumptionsa, the result of retracting a is uniquely determined by
B and a. By cortrast, the procedureof “retracting' a distant consequene c of the en-
abled assumptionswithin a belief-system(equivalertly: cortracting the beief-system
with respect to c) is in generalhighly non-deterministic. It is this non-deterministic
problem that we addresshere.

4 The modelling: informal explanation of general features

The formal de nitions in the following sectionwill be easyto understand if the reader
bearsin mind the intended modelling.

4.1 Nodes

Nodedfeatureless and unstructured|are to represen particular beliefs within the
belief-system of a rational agert. They represen, as it were, specic propositions
which the agert might or might not believe. Nodes are the basic objects of which
we treat. Everything elsethat | shall be talking about will be built out of nodesby
forming hereditarily nite sets.

4.2 Steps

The agert's beliefswill berepresened asstanding in relations of support made explicit
in what | shall call (justi catory) stepsinvolving nodes. A stepis fully specied by
specifying its nitely many premisesand its conclusion.

| impose a simple rational constraint at the outset. Note that no rational agert
would ever seekto justify a belief by appealing both to that belief and yet other
keliefs This rational reluctance can be subsumedas a special caseof the following
more general constraint. No rational belief system may contain two distinct steps
with the same conclusion, one of whosepremisesare premisesof the other step Put
another way: stepsin a rational belief systemrequire all their premises If an agen
comesto realize, of a given step in her system, that she can reac its conclusion by
using somebut not all of the premisesof that step, then shewill discard the weaker
stepin favor of the stronger step that usesthe weaker (reduced) set of premises.

From now on | assumethat all belief systemsunder discussionsatisfy the foregoing
rational constraint.

A step whoseconclusionis distinct from ead of its premisesis called transitional.
Although nodes are basic, in that stepsare built up out of them, we shall nd that
stepsthemselwes are the most conveniert data-type with which to work. Note that
an agert can know of a step without being committed to any of its nodes, as beliefs.
But if an agert knows of a step all of whosepremise-nales she believes, then | take
her to be committed to believing the conclusionof that step as well.

Given the rational constraint above, any step with more than one premise will be
transitional. For steps with exactly one premise, there are two possibilities: those
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where the conclusion is distinct from the premise and hence are transitional; and
those where the conclusionis identical to the premiseand henceare non-transitional.

In the latter case,we acquire a corveniert way of represerting an initial belief:
one that is believed outright, in the sensethat as far as the agert is concerned, it
requires no further support from any other beliefsthat the agert happensto hold. |
say in such a casethat the belief p in question can be thought of as “depending on
itself'. This does not mean that the belief p is a priori, and therefore unable ever
to be repealed. It meansonly that the agen believes p outright, in the sensethat,
as far as sheis concerned, she would be justied in believing p even if p were to
enjoy no justi catory support from any other beliefs within her scheme. This is of
coursecompatible with p also enjoying sudch support in certain cases.To make vivid
the point that initial beliefs are not necessarilya priori, | should point out that my
modelling of nite belief-systemscould con ne itself to just the contingent beliefs of
the agert. In my represenation of the agen's beliefs, a belief's “"depending on itself’
(i.e., being believed outright) will be registered by meansof a single-premisestep,
whosepremiseis the very samenode as its conclusion. By adopting this cornvertion
we attain a certain smoothnessin our mathematical treatment. Note, however, that it
is compatible with p's beinganinitial beliefthat p stand alsoasthe conclusionof some
other, transitional, step, all of whosepremisesthe agern believes. Such would be the
case,for example, if p were a simple obsenational belief that the agernt had acquired
in the usual way, but for which the agert also had theoretical support|lb y way of,
say, prediction within a higher-level theory on the basis of yet other obsenational
beliefs.

Any rational agert who has a system of beliefs might treat someof theseonly as
initial, that is to say, might believe them outright, without o ering yet other beliefs
in support of them. In all other cases,a belief will have support within the agert's
system. That is, the belief in question will stand as the conclusion of at least one
transitional step that involves at least one premise, and all of whose premisesare
in turn believed. Naturally, a belief can be “over-determined’, by enjoying support
from many distinct premise-sets,eacd of which is su cient , from the agert's point of
view, to justify the beliefin question. This is what makesthe contraction problem, in
general,sointeresting. For, in giving up suc a belief p, the agert will have to give up
at least one premisewithin the premise-setof each step that hasp asits conclusion.

4.3 Closure

In my modelling, a transitional step is understood as being something of which the
agert is aware, or which the agert hasacknowledged,asrationally compelling. Hence
it is a normative requiremert that the agert's system of beliefs should be “closed’
with respect to all such steps. Oneis, in e ect, saying to the agert “Sinceyou yourself
acknowledgethe step from x1, ..., X, to y as compelling, and sinceyou believe eath
of X1, ..., Xn, you should also believe y'. Note that such obligations are agent-
relative, since the nodesare featureless.| am not adverting to the logical structures
of the sentencesexpressingthe beliefsxy, ..., X5 and y, and insisting that the ager
should recognizethe step as logically valid. Rather, it is taken as a given that the
agert herself, for whatever reason, has already acknowledgedthe step in question as
compelling. Her obligation is now only that of taking the step to y should she ever
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cometo believe all of X1, ..., Xu.
Let us represen the step from x4, ..., X, to y by meansof the notation

The readeris advisednot to confusemy useof j' herewith other widespreadusesof
that symbol. The latter include the useon which it is read as ‘suc that' within a
set-abstract like fx j F(x)g"; aswell asits usein logic programming, where it means
“given’, asin procedural rules of the form “goalj sub-goal, ..., sub-goal,’. My useof
’j' might look like a single turnstile shorn of its horizontal stroke: to be sure, premises
occur to its left, and a conclusionoccursto its right. But what is designatedoverall is
ajusti catory step (for the agert). No claim of logical deducibility is made or implied
by the useof j'. For, rst, Xi;:::;Xn j y' is a complex noun phrasg meaning ‘the

sertential conclusion from the sertential premises' 1;:::;"' n. Secondly the nodes
are featureless and dewoid of logical structure. That is not to say, howewver, that an
agert might not know of a certain step becauseof an actual deductive proof in her
possessionjeading from the sertential premisescorresponding to the premise-nales
of the step in question to the sertential conclusion corresponding to its conclusion-
node. It isjust to say that whensuch a stepis represertied asa transition, not among
sertences, but among featurelessnodes, such deductive provenancecan be, and is,
suppressed.This isin the interestsof revealingonly sud justi catory “macrostructure’
within a belief-systemas is relevant for the purposesof corntraction. This structure
residesat a grosserand more abstract level than that of the detailed logical forms of
sertencesthemseles.

In the courseof the agert's investigations, she can cometo acceptor acknowledge
many transitional stepsof the form just discussed|

X1, -« Xnjy

|[while yet failing to believe all of x1, ..., X,. The belief y might fail to enjoy
any support, within the agert's belief-system,from su cien t setsof beliefs (from the
agert's point of view). In sud situations the known stepswith y as conclusionare
not useless.For, if ever the agert wereto cometo believe all the premisesof any such
step, its conclusiony would thereby acquire rational support (from her point of view).
This could happen, for example, if the agert at rst believed all of x4, ..., Xxn 1 but
did not believe x,,; and subsequetly cameto believe x,. At that point, sincethe step

X1, -« Xnjy

is known to the agert, shewould be rationally obliged to adopt the beliefy. That is,
shewould have to closeher beliefs under the step in question.

Clearly, such obligatory operations are iterable, with respect to all known steps
all of whosepremiseshave cometo be believed. But the iterations will only ever be
nite in number. This is becauseonly nitely many stepsare known to the agert, and
ead stepinvolvesonly nitely many premises. The needfor theseiterable operations
arisesonly when the agert adopts one or more new beliefs.
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Now it is important not to fall prey to the thought that sincethe agert may know
of schematic rules which correspond to an in nit y of steps, her belief-system must
be in nite. | reiterate the point that my nodes are featureless,and their labels are
not to be thought of as endowved with any essetially logical structure. Each node
represerts a particular belief, as given by a particular proposition, expressibleby a
particular sertence. No agert will ever have justied to herself more than nitely
many such beliefs. Nor will she ever have performed, in her thinking, more than
nitely many steps. Indeed, at no time in the future of humankind will the communal
belief-system, even assuming perfect memory, ever cortain more than nitely many
beliefs, or involve more than nitely many steps. | call this the nitary predicament
Fortunately, it is what makes a computational accourt of contraction and revision
possible! To put the matter succinctly: for the purposesof belief-represemation,
schemataare irr elevant; only their instances count. And at any point in time, there
will have beenonly nitely many instantiations.

| shall call the outcome of the iterable operations described above the universal
closure of the agert's belief-system,within the set of stepsknown to the agert, and
with respect to the agert's set of newly-adopted beliefs. | am assumingthat in this
context there is no possibility of confusing this kind of universal closure with the
logician's syntactic notion of the universal closure of a formula with free variables,
which closureis obtained by pre xing the formula with universal quanti ers to bind
its free variables. Universal Closure is called “propagate inness' by JTMS-theorists;
seeForbus and de Kleer [J].

The situation canbe schematizedasfollows. Let Cbethe nite setof all transitional
stepsknown to the agent. Every transitional stepin the agert's current belief-system
B (which itself is nite) will bein C; but in generalthere could be (transitional) steps
in Cthat are not in B. Moreover, B can contain initial steps, none of which is in C.
Note that in the belief-systemB, every node of every step is believed, whether it be
a premiseor a conclusionof the step in question.

By way of illustration, take the current belief-systemB to consist of the steps

aja (initial)
eje (initial)
ejh (transitional)

and let the set C of transitional stepsknown to the agert be

ejh (note: this is alsoin B)

a;bjd

c;djf

diejg
The following diagram represerts the combination of B and C. The black nodesrep-
resent the actual beliefs of the agert. Theseare conclusionsof stepsin B. The white
nodesrepresen propositions that are not believed, but which feature in transitional
stepsin CnB. The initial beliefs(which areall in B) are ead furnished with an “initial
arrow' emanating from a horizontal stroke that itself receivesno arrows. Horizontal
strokesrepresert the inferential transitions made in steps. The inferential direction
is downwards. In general, more than one arrow can comedown to a single inference
stroke, from the premisesof the step in question; while only one arrow descendsrom
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the stroke, to the conclusionof the stepin question. If a step hasall its premise-nales
black, then its horizontal strokeis also blad’, this being shawvn by a single black line.
Such a step will be in B. But if a step has at least one white premise-nale, then

its horizontal stroke is accordingly “white’, this being shovn by two black lines with
white spacebetweenthem. Such a stepisin C, but not in B.

?
~ 2 b
@
@
@
@
@
(&)
?
C d - e
@ @ @
@ @ @
@ @ @
@ @ @
@ @
? . ?
f g ~ h

Let P now be a nite setof nodesnot in B. The nodesin P are to be understood
as ‘newly adopted' initial beliefs. If, upon adopting all the new beliefsin P, the agert
nds that shenow believesall the premisesof somestep in Cn B, then sheis obliged
to closeher beliefs under that step, thereby possibly acquiring a further new belief
(namely, the conclusion of the step in question). The eventual outcome of iterating
the operation will be the universal closure discussedabove. In symbols, it is the
universal closure of B within C with respect to P|abbreviated [B;P]c.

Let usillustrate the processof universal closure with the diagram above. Suppose

we take P to be fbg. Then the universalclosure[B; P]c is easily seento be the “black’
part of the following diagram:
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C ~ d T e
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By talking of nodesand of stepsinvolving them, | am dealing with ideas familiar
to workersin Al and computer science. What | have been calling “belief-systems'
modelled by meansof nodes and steps are better known to workers in these areas
as deendency-networks Intuitiv ely, a dependency-netvork is a model of a rational
agert's belief-system,whosenodesrepresert the sertencesor propositions believed.

Dependency-netvorks can in generalcontain subnetworks. The task of contracting
a network T with respect to one of its nodesp will be the task of nding a suitable
subnetwork: one which doesnot contain the node p, but which satis es the rational
closure requiremert with respect to the transitional stepsin T, and which is, in a
suitable senseto be explicated below, maximal. That is to say, the subnetwork R in
question must be the outcome of a minimally mutilating processof corntraction of the
original network T. And the subnetwork R must itself be closedwith respect to the
transitional stepsin T.

Why require such closure? Becausethe subnetwork R is supposedto represered
a new rational ‘re ectiv e equilibrium' for the agert. Such an equilibrium will have
been achieved by the agert after carrying out the contraction-pro cessin question
only if sheavails herselfof all the justi catory transitions that she knowsalout. The
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justi catory transitions in question are exactly the transitional stepsin T. We must
remenber that in “giving up' a step, the agert is not losing, or esdewing, or no longer
claiming to be aware of, the justi c atory transition that it represers; rather, sheis
simply readiing a state in which she no longer believesthe conclusion of that step,
and no longer believesall its premises. The step itself, however, is still there for her
to use;and useit sheought, when rationally closing her new system of beliefs, which
is a subsystemof her original system T. Put graphically: in contractions, what can
changeis not the overall structure of the diagram, but only the colors of certain of
its nodes (from black to white, or vice versa).

| shall explicate the notion of maximality below. It is important to realize that in
generala network T might contain more than one maximal closed subnetwork not
containing p. That is, the operation of contracting T with respectto p canin general
yield more than oneresult. This will be re ected in the non-deterministic character
of any algorithms that one might devisefor performing contractions.

| have encourtered the complaint, from theorists in the AGM -tradition, that any
“procedure for contraction' should tell one exactly which cortraction to adopt. But
this is not, in general, possible! Contraction is not functional. That is, contraction
is not an operation with uniquely de ned values. No matter what extra information
one avails oneselfof, in the way of relative entrenchment of beliefs (say), there is
always the logical and mathematical possibility that there is more than one equally
gaod contraction of a given system of beliefs with respect to any chosenone of the
keliefs therein. My accourt has the virtue of accepting this possibility (which tends
to be the rule rather than the exception), and turning to the task of how oneaccourts
for all the eligible contractions in the multiple-valued case. Indeed, the contraction
algorithm(s) to be described in another paper systematically generateall the eligible
contractions; and in the implementation that | favor, in Prolog, this is achieved by
badk-tracking from one good solution to another, until all the equally good solutions
have beenenumerated.

5 The modelling: formal treatmen t
5.1 Nodesand steps

De nition 5.1 A pair (U;x) is called a step just in case

(1) U is a non-empty nite setof nodesand x is a node, and

(2) x isin U if and only if U = fxg.
U is called the premise set of the step (U;x); x is called the conclusion of the step
(U;x).

Someterminological clari cation isin order here. What | am here calling stepsare
called “justi cations' in the JTMS-literature. | prefer the shorter, neutral designa-
tion becausenot every step is a justi cation in the usual epistemological sense. In
general,justi cations (in the usual sense)would consist of more than one step. Note
alsothat “premises',in the JTMS-literature, are takento be assumptionsthat cannot
be retracted. This too is a non-standard use of the logician's word “premise’. The
logician speaksof premisesfor a step of inference,without necessarilyendorsingthose
premisesastrue.
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If U=fy1, ...,yng then the step (U;x) can be written symbolically as

Vi, -, ¥nX.

It is easyto seethat for a given x there are only two possibleforms of step with x
as conclusion:

Y1, ...,¥n ] X Where ead y; is distinct from x (1 i n); and

XjX.
| shall call thesetransitional and initial stepsrespectively.

5.2 Universal closute of kelief-systems

The informal explanation of universal closuregivenin the previous section should en-
ablethe readerto understandthe following statemert, in pseudocale, of the algorithm
for universal closure.

Algorithm  5.1: UniversalClosure  (C B;P)

Steps C
Closure B[ the setof initial stepsinvolving members of
P
while somestep in Stepsbut not in Closure has eadt of its
premjsesstanding as the conclusionof a step in Closure
< NewSteps the set of all such steps
do _ Closure Closure[ NewSteps
" Steps  Stepsn NewSteps
return (Closure)

The algorithm must terminate, since Cis nite. | say that it determinesthe uni-
versal closure (of B within C with respect to P) becauseof the word “ead' in the
while condition.

Universalclosureis exceptionally simple. Indeed, eventhe prima-facie moredi cult
problem of deciding whether a given step can be derived using nitely many given
stepsis solvable in linear time. In this connection, seeDowling and Gallier [E|. The
problem is exactly that of querying a Prolog program with nitely many propositional
clauses. A conditional Prolog clausesuch as "a - b, c.' is precisely the transitional
step b;cja. An unconditional Prolog clause’a.' is precisely the initial stepaja. To
nd whether, say, the step p;q;r j s follows from nitely many other steps, simply
form the Prolog program consisting of the clausescorresponding to the latter steps,
adjoin the Prolog clauses™p.’, "q." and r." to the program, and query the expanded
program with s.

5.3 Dependency-networks

De nition 5.2 Let T be a set of steps, called T-steps For any step (U;x) in T, U is
said to be x-genemting or x-justifying (in T).
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De nition 5.3 Again, let T be a set of steps. T is a dependency-networkif and only
if T is nite and

(1) for every (U;x) in T and for every y in U, there is some(V;y) in T; and

(2) if (U;x) and (W;x) arein T, then W is not a proper subsetof U.

Condition (1) in the de nition of a dependency-netvork ensuresthat ewvery node
involved in any way in T is justied in T. Any conclusionx of a T-step (U;Xx) is
justi ed simply becauseof the premiseset U of that step.

Condition (2) is the rational constraint discussecearlier. It ensureghat a dependency-
network only ever usesthe most succinct justi cations available. There is no point in
having the step (U; x) in a dependency-netvork if for someproper subsetW of U we
have (W; x).

| shall write "xjx' more economicallyasjx.

Remark 1: It isevidert from the de nition that a dependency-netvork neednot have
a well-founded justi catory structure. Note, however, that the non-well-foundedness
is con ned to looping, and does not arise from in nite descendingchains. This is
becausenetworks are nite.

Remark 2: In generalthere can be more than one T-step of the form (U;x) for
any given node x. Condition (2) in the de nition of a dependency-network tells us
that ead such U is a ‘'minimal generating set' for x: that is, U implies x but (as
far as the agert is aware) no proper subsetof U implies x. In future | shall often
suppressthe adjective ‘'minimal’; but it should be bornein mind that it always applies.

Denition 5.4 jT j, the core of T, is the set of nodes x suc that for someU, T
contains the step (U; x).

An agert whose beliefs are modelled by a dependency-netwvork T believes exactly
what is in jT j, and for the reasonsarticulated by the stepsin T. An initial node in
T will be a node p for which T cortains the initial step (f pg; p).

De nition 5.5 A node q is said to be “in' a dependency-netvork T (and corversely:
T “cortains' q) just in casesomestep (U; q) with conclusionq is a member of T. (Cf.
Doyle [E] p. 234.) Recallthat a dependency-netvork is de ned asa set of steps. Note
that every member of any such premiseset U will alsobe “in' T, becauseof condition
(1) in the de nition of a dependency-netork. Thus any node involvedin any T-step
is in' T. With this understanding of the preposition “in', we can say (loosely) that a
nodeis in (T nR) when what is meart, strictly, is that it isin (jT jnjRj).

De nition 5.6 R is a subnetworkof T just in caseevery step of R is a step of T and
R is a dependency-netvork. | alsosay that the network T extendsthe subnetwork R.

Remark 3: Note that a subnetwork of T, sinceit is a dependency-netvork in its
own right, is “closedupwards' modulo T. That is to say, a subnetwork of T will not
have any nodes of T asinitial nodesif they are not also initial in T. Instead, the
subnetwork will supply for ead of its non-initial nodesat least one of the patterns of
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justi cation with which it is furnished within the containing network T.
Example to illustrate Remark 3. Let T bethe dependency-netvork
ip; jo; pir; qjr:
The node r is the only non-initial node. Any subnetwork of T that contains r will
have to contain alsoone of its patterns of justi cation within T. As it happens,there
are two distinct such patterns: one leading from the initial node p, the other leading
from the initial node g. Thus the only possibleproper, non-empty subnetworks of T
are
ip; pjr and  jg qjr:
Both these subnetworks terminate their justi cations for r on initial nodes. When

closingupwards modulo T, however, one doesnot in generalalways terminate in this
fashion on initial nodes. For example, considerthe non-well-founded network

pig;, qjp; pir; qjr:

The only subnetwork of T that contains the noder is T itself. For, aswe closeup-
wards from r modulo T, we must include either p or g as a node. Each of these, in
turn, requiresthe other, in order to have any T-justi cation at all. But neither of
them is initial.

Remark 4. Not every subsetof a dependency-netvork is a subnetwork.

Example to illustrate Remark 4. f(fbg;a)g is a subsetbut not a subnetwork
of the dependency-netvork f (f bg; a), (fag; b)g. f (f bg; a)g fails to be a dependency-
network becauseb enjoys no justi cation within it.

Now let R be an arbitrary subnetwork of T.

De nition 5.7 R is closal downwads modulo T if and only if for every step (U;x)
inT,if U j Rj, then (U;x) isin R.

De nition 5.8 The T-closure of R is the least subnetwork S of T satisfying the
following:

(1) R is a subnetwork of S; and

(2) S is closeddownwards modulo T.

This de nition has as an immediate consequencehat the T-closure of R is closed
upwards modulo T. (SeeRemark 3 above.)

| shall write [R]r for the T-closure of R, and sometimessuppressmertion of T
when T is clear from the context. An intuitiv e understanding of T-closureis as fol-
lows. The subnetwork R of T, before such closure, will, as a dependency-netvork
in its own right, contain justi cations for every one of its nodes (as a conclusion).
But it might alsocontain all the premises(i.e. menbers of U) of someT -step (U;x)
without containing the conclusionx itself. The requiremert of T-closureis that R
should then be expandedby adding (U;x) to R and thereby justifying x “within' R.
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It doesnot follow that every conclusionof T itself would in due coursebe added in
this way. The closure processcould be carried out to its fullest possibleextent while
yet the T-closurefall properly short of T itself. This would happen when jRj failed
to encompassenough of the members of j T j for the T-stepsto e ect a full enough
expansionduring closure. Clearly also, a proper subnework R of T can be properly
contained in its own T-closure. The following remark summarizesthese obsenations.

Remark 5. In generalwe have that R is a (possibly proper) subsetof its T-closure
[R]r, which in turn is a (possibly proper) subsetof T.

Example to illustrate Remark 5. R = f(fag;a); (fbg; b)g is a proper subnetwork
of

T = f(fag;a); (fbg; b); (fa; bg; c); (fdg; d)g
but the T-closureof R is f(fag; a); (f bg; b); (f a; bg; c)g. So here we have R properly
contained in its own T -closure,which in turn is a proper subnetwork of T.

Remark 6: [R]r can be computed from R and T in polynomial time.

De nition 5.9 A subnetwork R of T is T-closal if and only if R is its own T -closure,
that is, just in caseR = [R]r.

5.4 Contraction formally de ned

| shallimposethree basicadequacyrequiremerts on any cortraction R of a dependency-
network T with respectto any of its nodesp.

De nition  5.10 The following conditions on a subnetwork R of T are individually
necessaryand jointly su cien t for R to be a contraction of T with resgect to p :

1. (Honesty ) R is a T-closedsubnetwork of T.
2. (Success) jRj doesnot cortain p.
3. (Minimal Mutila tion ) R is inclusion-maximal with regardto (1) and (2).

Remenber that T-closureinvolvesonly the application of stepsthat are newver called
into question during the cortraction process.

The Honesty condition saysthat oneshould not be ableto “close'T p any further
by meansof T -steps. Thus a cortraction corntains all nodesknown to be consequences
of any nodesthat it corntains.

The Success condition says that T p should not contain any step of the form
(U;p). Put another way, p should not bein jT pj=j[T plrj.

The Minimal Mutila tion condition ensuresthat the contraction is aseconomical
as possible,in the sensethat one givesup as little as possiblein the way of T-steps
when passingfrom T to T p. The condition seeksto consene the outputs of past
computational e ort in developingT. As deKleer [B], p. 129,put it: "Thusinferences,
oncemade, neednot be repeated...". | am therefore requiring the contraction to be
a maximally non-(p generating), T-closedsubnetwork of T. Soa cortraction T p will
contain all those T-stepscompatible with the requiremert that p not bein jT pj.
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6 Results
6.1 The complexity of contraction

First | show that the cortraction problem (understood as a decision problem) is in
NP. To be precise,the decisionproblem in question is this:

GivenT and givenan integer k, decidewhether there is a T -closedsubnetwork
R not containing p, which is of sizeat least k.

Theorem 6.1 The contraction problem is in NP.

Pr oof. The NP algorithm guessesR of size k and decides, in polynomial time,
whether it is T-closedand is a subnetwork and doesnot contain p. | |

Theorem 6.2 The contraction problem is NP-complete.

Pr oof. By Theorem[g.d, the contraction problem is in NP. It remainsto shaw that

someNP-complete problem can be transformed in polynomial time into the contrac-
tion problem. To this end, consider the classof networks all of whose transitional

steps have exactly two self-justifying premises,and conclusion p. Clearly any con-
traction of sudh a network (with respect to p) that is of size k will be determined
by a non-p-generating subset, of sizek, of the set P of self-justifying premises. Thus
the problem of nding a cortraction of size k with respect to p boils down to the
problem of nding a subsetof card(P) k, whosemembers are to be removed from
the network. (The length of input for the latter problem is no lessthan some xed

fraction of the length of input for the cortraction problem; suc a linear factor will

not a ect the resulting complexity classfor the contraction problem.) But this is
isomorphicto the NP-complete Vertex Cover (VC) Problem, which isto nd a subset
(of a given size) of the set of vertices of a graph that cortains, for ead edgein the
graph, at least one of the two verticesincident on that edge. (SeeGarey and Johnson
[@], p. 46.) In the caseof contraction | have described, we are looking, analogously
for a subset (of a given size) of the set of premisesinvolved in two-premise steps of
the network that contains, for ead two-premisestep in the network, at least one of
its premises. (Naturally, we seekto minimize this subsetin order to maximize the
resulting contraction.) The isomorphism with graphsis easyto see. Construe nodes
in the network as vertices in a graph. The (unordered) pair-sets of premisesof the
stepscan then be construed as edgesof the graph, which are (unordered) pair-sets of
vertices. One's choice of a set of premise-nalesto be removed (at least onefrom eath
pair-set) in order for the common conclusionof all the two-premisestepsto have no
justi cation then correspondsto a choice of a set of verticesin the graph that covers
ead edge,by containing at least one vertex from eac edge,i.e. from ead pair-set of
vertices. [ |

A good cortraction algorithm would aim to enumerate all the contractions of a
given network T with respect to any of its nodes p, without any particular interest
in maximum-sized contractions. A cortraction, by de nition, is inclusion-maximal
in a certain regard, and there will in generalbe many a cortraction that is not of
maximum size. The method of proof of Theoremp.3, however, shovsthat the problem
of searding for a cortraction is NP-hard.
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7 Discussion

7.1 Signi cance of our resultsfor extensionsof JTMS-theory

As far as giving up beliefsis concerned,extant JTMS-theory provides only the algo-
rithmic operation of ‘retracting an enabled assumption'. In the terminology of this
paper, this is the restricted operation of cortracting with respect to an initial node.
(SeeForbus and de Kleer [E], ch. 7.) This restricted operation is deterministic, and
it is easyto provide for it a polynomial-time algorithm.

By contrast, | have shonvn here that the general, non-deterministic operation of
contracting with respect to any node, whether initial or non-initial, is intractable.
My contraction operation includes the JTMS-theorist's operation of assumption-
retraction asa special case,and generalizedt appropriately for the retraction of nodes
in general,in what is obviously the canonicalway. Retracting a node p (equivalently:
contracting with respect to a node p) is a general operation of obvious importance.
The upshot of our investigations is therefore: JTMS-theory cannot be fully general
in its treatment of important operations on dependency-netvorks except at the cost
of intractabilit y.

7.2 Logical problemsare usualy intractable

In any areaof logic, it would be naive to expect our algorithms (when we have them)
to be tractable, in the technical senseof being computable in polynomial time. After
all, the simplest kind of logical problem|that of determining, of a given serence
of a propositional language, whether it is has a satisfying truth-v alue-assignmetj
is the original and most famous NP-complete problem (Cook [H]). So the problem
of deciding theoremhood in classical propositional logic is co-NP-complete. Chang-
ing “classical'to ‘intuitionistic' makes matters prima facie worse: theoremhood in
intuitionistic propositional logic is P-spacecomplete (Statman @]). In well-known
systemsof relevant propositional logic, the decision problem can be even worse. In-
deed,theoremhood in the Anderson-BelnapsystemR of relevant logic (Anderson and
Belnap |]j|]) is not even decidable (Urquhart [). Its well-known decidable fragment
LR (Thistleth waite et al. [@]) obtained by dropping the distributivit y axiom, is at
best ESPACE-hard, at worst space-hardin a function that is primitiv e recursive in
the generalisedAckerman exponertial (Urquhart, [@]).

Adding the rst-order quantiers “some'and “all' to the logical system brings un-
decidability almost everywhere. Classical rst-order logic is decidable when only
monadic predicates are involved, but is undecidable as soon as one adds a single
two-place predicate (Church [E], [E]). Intuitionistic  rst-order logic is even worse: it
becomesundecidable as socon as there are two one-placepredicates. (This is a result
of Saul Kripk e. SeeDummett [E], pp. 209-213.)

One should not be at all surprised or dejected, then, to nd that the problem of
belief-cortraction is “intractable' in the senseof being NP-complete or possibly worse.
The interesting challengewashow to conceiwe of the problem in a manner su cien tly
amenableto complexity analysisin the rst place. It is in this spirit that we have
conducted the foregoing investigations. The result has been encouraging. We have
discoveredthat theory-contraction, conceived in this way, is of the lowest complexity
that one could have expectedit to be. Moreover, theorists of contraction who object
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(misguidedly, in my view) to represertiing belief-systemsin my nitary fashion now
have to contend with the prospect that their own “cortraction decision-problems'(in

sofar asthey might be able to de ne any, on their approaches)have to contend with

NP-completenessas a lower bound of computational complexity. If NP-completeness
is bad news for the dependency-netvork theorist, then it will be just as bad, if not

worse, for AGM -theorists|if ever they produce any computational implemertations

of their cortraction functions.

7.3 Future work

In planned sequelsto this paper, which are already written, | specify various succes-
sively lessgreedy versionsof a contraction algorithm; provide Prolog programs that
implement them; and demonstrate how these programs produce intuitiv ely satisfying
results on all extant contraction problems carvassedin the literature.

There are also two main ways in which the simple modelling set out above could
be extended, so as to take into accourt other features of belief-systemsconsidered
important by the epistemologist. The rst extensionwould enable one to take into
accourt, when performing contractions, a relation of relative entrenchment among
nodes. This would be a partial ordering in general,providing information of the form
“if either a or b hasto be given up, then it should be a rather than b.

The secondextension of the simple modelling would enable one to represert the
agert aswilling and able, in the courseof a contraction, to give up one of the steps
within the dependency-netvork. The presert modelling treats the stepsthemselwesas
immune to revision, and allows only nodesto be given up. Allowing stepsthemseles
to be vulnerable in cortractions, however, can have dramatic knock-on e ects, espe-
cially when one considersthat a given step might be an instance of a more general
rule which would itself be impugned should the step be given up. A fully detailed
study of this problem is well under way, but its detailed results, both computational
and philosophical, will have to await another occasion. Su ce it to say herethat the
modelling in this paper can be extended so asto allow for the retraction of stepsas
well as nodes. This is a possibility which, once explored, reveals why thinkers are
rightly loathe to tamper with their logic|for the knock-on e ects are enormous. It is
also a possibility whosecloser scrutiny commendsan inviolable core of logic, namely
the logic neededin order to underpin the cortraction-pro cessitself. Finally, as far
as retracting stepsas well as nodesis concerned: for the theoretical purposesof the
presert paper, it has beenimportant not to countenancethis possibility. That the
contraction problem is NP-complete when only nodes are given up is all the more
arresting.

In closing, | should point out that | have opted for a considerabledegreeof abstrac-
tion. | have abstracted away from details such asthe internal logical structure of the
beliefs represerted by nodes, and what underlying logic might be employed to jus-
tify stepswithin a belief system. | have sough instead to provide a represertation of
what is essetially involvedin the processof contraction. It remainsto be investigated
whether indeed my chosenlevel of theoretical represeration might have some “psy-
chological reality’. Perhapsit is (or could be) part of the design of a good cognitive
systemthat its “cortraction and revision module' operate at the level of abstraction
employed here. The linguistic system furnishes complex grammatical structures for
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the expressionof one's beliefs; and one's logical system generatesvarious (derived)
steps, for the deductive developmert of one's beliefs. For the purposesof orderly, ra-
tional and e cien t revision or updating, however, the only structure that is required
is that captured by the kind of dependency-netvorks employed above. Betweenthe
actual sertencesof one's language,and the nodesin suc networks, there need only
be a systemof “pointers'. Contraction and revision can proceedat the more abstract
level of nodesand steps, prescinding altogether from distracting questionsabout the
internal logical structure of the nodesthemselves, and the kind of logic that justi es
the steps.
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