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We assume a countable first-order language L, with names, function signs and primitive predicates, the latter having any (finite) number of arguments. Thus the general form of a closed singular term in L that is not a name will be f(t1,...,tn), where f is an n-place function sign and t1,...,tn are closed terms. Likewise, the general form of an atomic sentence in L will be P(t1,...,tn), where P is a primitive n-place predicate and t1,...,tn are closed terms.

The language contains the primitive two-place predicate = of identity.

The connectives are ( (negation) and ( (conjunction), and the existential quantifier ( is the only quantifier. 

By thus reducing the stock of classical logical operators, we streamline the proof of completeness. Note that this stock of logical operators is expressively complete, since we can use the following definitions of the remaining operators:
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Suppose that A is a countable set of names not in the countable language L. 

Then the countable language based on the vocabulary of L combined with A will be called L+A, or the extension of L by A. Obviously every sentence [term] of L is a sentence [term] of L+A.

Suppose that ( is a formula with exactly one free variable, and that t is a closed term. Then (t is the sentence that results by substituting an occurrence of t for each free variable-occurrence in (. We stipulate also that (t is less complex than the existential quantification of (.

Suppose ( is a set of sentences in L.

( is consistent 

(df 
there is no proof of ( from ( [i.e., not-((|–()]
( is maximal (in L)
(df
for every sentence ( in L, either ((( or ((()((
( has witnesses (in L)
(df
for every formula ( in L with exactly one free

 




variable (say x) if ((x()((, then 

for some term t in L, (t((.

( is replete (in L)

(df
( is consistent, ( is maximal (in L), 

and ( has witnesses (in L).

( is closed 


(df 
for every sentence ( in L, if (|–(, then (((
Closure Lemma. 

Every maximal consistent set is closed.

Proof. Suppose ( is maximal consistent, and that (|–(. If ((()(( then by (E we have (|–(, contrary to consistency. So ((()((. Hence by maximality (((. QED

Truth-making Lemma. 

In any countable first-order language L, every replete set can be made true in a (naturally definable) countable model for L.

Proof. A countable model for L consists of a countable domain of individuals, with specifications of denotations for names in L, mappings for function signs in L, and extensions for primitive predicates in L. Let ( be a replete set (in L). Consider the following relation between closed terms t, u in L:


( |– t=u.

Note that 

1. ( |– t=t  (reflexivity);

2. ( |– t=u ( ( |– u=t (symmetry); and

3. ( |– t=u , ( |– u=v ( ( |– t=v (transitivity).

Thus the relation in question is an equivalence relation on the closed terms of L. Let [t] be the equivalence class of t under this equivalence relation.

We now define a natural model for (, which we shall call M.

The individuals in the domain of M will be the equivalence classes of closed terms in L, under the foregoing equivalence relation. Since there are countably many terms, there are countably many equivalence classes of terms. So the domain of M is countable.

Each name a will denote [a].

Each n-place function sign f will denote the mapping


[t1],..., [tn] |( [f(t1,...,tn)]

Each n-place primitive predicate P in L will have the extension


{<[t1],..., [tn]> | P(t1,...,tn) ( (}

Note that it follows from the assignment of denotations to names and function signs that every term t denotes its equivalence class [t] in M.

Now suppose P(t1,...,tn) ( (. 

The term t1 denotes [t1], ... , and the term tn denotes [tn].

Moreover the n-tuple <[t1],..., [tn]> is in the extension of P in M.

Hence the sentence P(t1,...,tn) is true in M.

Conversely, suppose that the sentence P(t1,...,tn) is true in M.

Then the n-tuple of denotations <[t1],..., [tn]> is in the extension of P in M.

But then by definition P(t1,...,tn) ( (.

So we have, for atomic sentences ( :  

( is true in M ( ( ( (.

This accomplishes the Basis Step for an inductive proof of the claim that the displayed biconditional holds for all sentences ( . 

So now assume the Inductive Hypothesis (IH):

for all sentences ( less complex than (, 

( is true in M ( ( ( (.

We perform the Inductive Step by cases, according to the logical form of (.

Suppose ( = ((().

Suppose ((() is true in M.

By truth-table for (, ( is false in M.

By IH, (((.

By maximality, ((()((.

Conversely, suppose ((()((.

By consistency and (E, (((.

By IH, ( is false in M.

By truth-table for (, ((() is true in M.

Suppose ( = (((().


Suppose (((() is true in M.


By truth-table for (, ( is true in M and ( is true in M.


By IH, ((( and (((.


By (I, (|–(((().


By closure, (((()((.


Conversely, suppose (((()((.


By (E, (|–( and (|–(.


By closure, ((( and (((.


By IH, ( is true in M and ( is true in M.


By truth-table for (, (((() is true in M.

Suppose ( = (x(.

Suppose (x( is true in M.

Then for some individual [t] in the domain of M, ( is true of [t] in M.

But t denotes [t] in M.

Hence (t is true in M.

By IH, (t((.


By (I, (|–(x(.


By closure, (x(((.


Conversely, suppose (x(((.


By witnesses, there is some name a such that (a((.


By IH, (a is true in M; and we have that a denotes [a] in M.


Hence (x( is true in M.

QED

Zagging Lemma. 

Let (((   =df  (({(} 
 if (({(} is consistent;

 
     =df  (({((}
 if (({(} is inconsistent.

Then if ( is consistent, so is (((.

Proof. If (({(} is consistent, then by definition (((  is (({(}, whence (((  is consistent. So suppose (((  is inconsistent. Then (({(} is inconsistent. Hence by the definition of (((, it follows that (((  is (({((}, and so (({((} is inconsistent. Now, by the proof-schema
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we have that ( is inconsistent. So we have shown that if (((  is inconsistent, then ( is inconsistent. Contraposing, we obtain the sought result.

Zigging Lemma. 

Let a be a name that does not occur in (({(x(}.

Let ((((a) =df  (({(a} 
if (({(x(} is consistent 


         =df  (

if (({(x(} is inconsistent.

If ( is consistent, then so is ((a.

Proof. If (({(a} is inconsistent, then by the proof-schema
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(which is correct, since a does not occur in (({(x(})
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we have (({(x(} inconsistent. Hence if (({(x(} is consistent, then (({(a} is consistent—hence, by definition, ((((a) is consistent. Now suppose that ((((a) is inconsistent. Then (({(x(} is inconsistent. But then, by definition, ((((a) is (, and so ( is inconsistent. So we have shown that if ((((a) is inconsistent, then ( is inconsistent. Contraposing, we obtain the sought result.

Expansion Lemma. 

Every consistent set of sentences in L is a subset of some replete set of sentences in some extension of L by a countably infinite set of names.

Proof. Suppose ( is a consistent set of sentences in L.

Let A={a0, a1, a2, ... } be a countably infinite set of names not occurring in any member of (. 

Let (0, (1, (2, ... be a list of all sentences of (L+A). 

Let (0, (1, (2, ... be a list of all formulae with one free variable in (L+A). 

Set (0 =df (.

Define  (n+1
=df  (n ( (n ;

 
   (n
=df  (n ( (na, 

     where a is the first name in A not to occur in (n({(x(n}.

It is clear that we have


( = (0  ( (0 ( (1 ( (1 ( (2 ... ( (n-1 ( (n ( (n ( (n+1 ... ( (i(i
By the Zagging Lemma, if (n is consistent, then (n+1 is consistent. 

By the Zigging Lemma, if (n is consistent, then (n+1 is consistent.

It follows that for every n, (n is consistent. 

Hence, by compactness of deducibility, (i(i is consistent. 

Moreover, by the definition of (n+1, it is obvious that (i(i is maximal (in L+A). And, by the definition of (n+1, it is clear that (i(i has witnesses (in L+A). 

Hence (i(i is replete (in L+A).






QED

Model-Existence Lemma.
If ( is consistent, then ( has a countable model.

Proof. Suppose ( is consistent. By the Expansion Lemma, ( is a subset of some replete set. By the Truth-Making Lemma, this replete set has a countable model. Hence ( has a countable model.

Strong Completeness Theorem.
If (|=( then (|–(.

Proof. Suppose (|=(. Then (({((} has no model. Contraposing on the Model-Existence Lemma, (({((} is inconsistent, i.e. (({((} |– (. Hence by classical reductio, (|–(.

Compactness Theorem.
If (|=( then for some finite subset ( of (,  (|=( .

Proof. Suppose (|=( . By Strong Completeness, (|–(. So there is a proof of ( from finitely many premises drawn from (. Let these premises form the finite subset ( of (. Since proofs are truth-preserving, (|=( . 

Countable Models Theorem.

If ( has a model, then ( has a countable model.

Proof. Suppose ( has a model. By the soundness of proof, there is no proof of ( from (, i.e., ( is consistent. By the Model-Existence Lemma, ( has a countable model.

